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Abstract
Recently, among other smart and multifunctional materials, magneto-electric soft ma-
terials are expected to open a new horizon with myriad of potential applications such as
wireless energy harvesting, spintronics and nonvolatile memories, magneto-electric ran-
dom access memory, to mention a few. Magneto-electric coupling can be defined as
the ability of a material to electrically polarize upon the application of a magnetic field
and conversely, to magnetize under the application of an electric field. In contrast to
traditional multi-ferroic hard materials, magneto-electric soft materials are of largely de-
formable where electric and magnetic fields and mechanical deformations are intricately
coupled at finite strians. In this contribution, we will emphasis to formulate generalised
mathematical frameworks of finitely deformed magneto-electric soft materials. After elab-
orating fundamental and governing equations, some homogeneous and non-homogeneous
classical boundary value problems are studied under magneto-electrically coupled loads.
1 Introduction
In recent years, smart and functional materials have attracted considerable attention among
cross-boundary research communities due to their wide range of potential applications. These
fast growing innovative materials can change their size, shape, stiffness, and other mechan-
ical properties upon the application of external fields (temperature, pH, light, electric and
or magnetic field). Among other functional materials, magneto-active polymers (MAPs) and
electro-active polymers (EAPs) are promising candidates for use in various engineering ap-
plications, for example, as mini- or micro-scale soft, biodegradable, and flexible robots in
targeted drug delivery, stretch sensors in wearable devices and in structural health moni-
toring systems, actuators in artificial muscles, biomedical devices, biomimetic systems, and
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energy harvesters generating power by using ambient motions [43, 42, 49, 22]. An external
electric field or electric potential difference in EAPs can result in extremely large deforma-
tions in contrast to traditional piezoelectric materials that have only small-scale actuations
[1, 8, 9, 4, 5, 6, 7, 40, 41, 42, 44, 77, 62, 63]. In the case of MAPs, a remotely applied
magnetic field can deform soft materials filled with magnetites (iron oxide particles). While
EAPs can either be pure polymers or polymers filled with high permittivity fillers, in MAPs,
micron-size iron particles are mixed to prepare polymeric composites that are responsive
to external magnetic fields. For an exhaustive review on experimental study of MAPs,
see Bastola and Hossain [3]. In contrast to EAPs, MAPs are normally actuated remotely
without any physical attachment of the external field to the surface of an actuated body
[21, 23, 32, 36, 38, 44, 52, 53, 54, 50, 77, 75].
In comparison to research efforts in MAPs and EAPs separately, interests in smart materials,
where a combined magneto-electrically (ME) coupling occurs, have increased significantly in
the last decade. Most of the earlier works in ME are in the areas of multi-ferroic hard materi-
als (i.e., ceramics and metals) that have small field-responsive deformations. Thanks to some
high-tech applications of ME materials such as the design of magneto-electric random access
memories (MERAM), a significant amount of research efforts as well as device making pro-
cesses have been achieved in ME for hard materials, see for example [29, 31, 34, 37, 72, 64, 76].
In the case of MERAMs, a short electric signal causes an enduring change of magnetization
that is a very desirable property. In contrast to the traditional magnetic RAM (random ac-
cess memory) technology, the new class of storage devices made of MERAM would enable
electric-write magnetic-read memories which outperform the former one [2]. Further applica-
tions of ME coupled material is the measurement of magnetic fields and also electric current,
particularly in the low-frequency range as, for instance, documented by Fetisov et al. [33].
For an overview of the vast amount of research and possible applications in this wide field,
see for example, Nan et al. [56], Pyatakov et al. [59].
Although magneto-electric materials were discovered in the middle of the last century, in
contrast to small-strained hard ME materials, an interesting finite strain alternative has been
very recently proposed by Liu and Sharma [47], Krichen et al. [46]. This new class of
smart materials has been appeared exploiting the strain-mediated magneto-electric coupling
in soft composites. ME coupled materials mimic the concepts from multi-ferroics hard-matter
composites. The basic idea behind this approach is to combine the magneto- and electro-
mechanical responses of composites consisting of a soft matrix carrying magnetic inclusions.
Magneto-electric coupling in a soft material can be explained in the following way. A soft
deformable dielectric thin film coated with two compliant electrodes under a potential differ-
ence will deform and polarise thanks to an electric Maxwell stress. If the compressed thin film
with the pre-existing electric field is exposed to an external magnetic, it will further deform
due to the magnetic Maxwell stress and the film will polarise additionally. The latter form
of deformation will alter the pre-existing electric field and such a change in the electric field
can be measured as current. Note that such a mechanism does not require creating complex
composites (neither piezoelectric nor magnetostrictive) and can be universally employed for
all soft materials. Despite that such composites are straightforward to manufacture and have
cheap constituents, they did not gain much attention up to now. Rambausek and Keip [60]
demonstrate that ME coupling induced by finite deformations could be of significant magni-
tude. Furthermore, Liu and Sharma [47], Liu [48], Krichen et al. [46] highlighted that the
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ME coupling effect through soft-matter composites is a plausible candidate mechanism for
magneto-reception in certain biological contexts.
The mathematical foundations of the coupling of electromagnetic fields in finite strains are
well documented in some earlier publications, see for example the works of Pao and Nemat-
Nasser [58], Eringen and Maugin [30], Maugin [51], Brown [11], Monk [55], Kovetz [45] and
the references therein. In a series of papers and monographs, Dorfmann and Ogden devel-
oped constitutive frameworks for the coupling of magnetic, electric and mechanical fields
which are based on the so-called total energy [10, 25, 26, 27, 28, 24]. Their modelling frame-
works mainly assume isotropy of the polymeric composites. It has been shown that the total
stress tensor and the magnetic field can be expressed as simple derivatives of the total en-
ergy function with respect to the deformation gradient and the magnetic induction. They
presented analytical solutions of some classical non-homogeneous boundary value problems
in which it has been shown that any of the magnetic variables, i.e., the magnetic induction
vector, the magnetic field vector or the magnetization vector can be used as an independent
variable in the problem formulation. A significant amount of contributions on the modelling
of magneto-mechanically coupled problems were published by Bustamante and coworkers
[13, 20, 12, 15, 16] extending the work of Dorfmann et al. [25] by a constitutive model for
transversely isotropic MAPs. In contrast to the Dorfmann, Odgen and Bustamante’s consti-
tutive frameworks expressed in terms of the classical invariants of Rivlin and Spencer [73],
recently Shariff et al. [66, 67, 68, 69, 71] reformulated constitutive models of MAPs and EAPs
that are based on a class of spectral invariants.
Regarding the nature of the constitutive equations proposed in the works mentioned above,
the main assumption has been to expresses the stress and one of the electric or magnetic
variables, in terms of the strains and the other (independent) electromagnetic variables, but
recently some new types of implicit relations have been proposed for electro- and magneto-
elastic bodies, wherein the stresses, strains and electromagnetic variables are obtained from
an implicit tensor relations and an implicit vector relation, see [17, 18, 14].
Mathematical frameworks and constitutive modelling of magneto-electro-mechanically cou-
pled soft materials at finite strain are limited in the literature. Santapuri et al. [61] de-
velop thermodynamically consistent fully-coupled finite deformation thermo-electro-magneto-
mechanics of multifunctional materials. In that article, they develop a comprehensive cat-
alogue of free energies, state variables, and state equations. Liu [48] presents an energy
formulation of continuum magneto-electro-elasticity based on the principle of minimum free
energy, where he proposes a form of total free energy of the system in three dimensions,
and then systematically derive the theories for a hierarchy of materials including dielectric
elastomers, piezoelectric ceramics, ferro-electrics, flexoelectric materials, magnetic elastomers,
magneto-electric materials, piezo-electric-magnetic materials among others. Syfris et al. [65]
constitutively characterize electro-magneto-mechanical interactions of graphene at continuum
level using the classical theory of invariants for the specific class of graphene’s symmetry. In
a very recent contribution, Rambausek and Keip [60] demonstrate that ME coupling induced
by finite deformations could be of significant magnitude in soft-matter-based magnetic and
electric composites. They realise shape effects as a special non-local phenomenon in magneto-
and electro-elasticity.
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The aims of the current contribution are two-folds. First, we present a comprehensive mathe-
matical framework illustrating the relevant and fundamental equations that present magneto-
electro-mechanical coupling at finite strains, under the assumption that the stresses are func-
tions of the strains and one of the electric and magnetic variables (independent variables),
and that the other electric and magnetic variables are also functions of the strains and the
independent electric and magnetic variables. An important ingredient of our formulation is
the use of the theory of spectral invariants of Shariff for the energy function in the case of
a transversely isotropic body [66, 67, 68, 69, 71]. Another contribution of this article is to
present in detail the results for some few boundary value problems considering homogeneous
and non-homogeneous deformations, for the above constitutive equations, with particular
relevance to problems that can be used in the future in experimental research to obtain ex-
pressions for the constitutive equations.
In Section 2 we present a brief summary of the most important equations of the theory of
electromagnetic interactions with elastic solids. In Section 3 spectral invariants are formulated
for the total energy function in the case of a transversely isotropic magneto-electro-elastic
body, and constitutive equations are obtained for the total stress, the magnetic field and
the electric displacement. In Section 4 some boundary value problems are studied, namely,
the uniform extension/compression of a cylinder, the uniform extension of a thin slab, the
biaxial deformation of a thin plate, the shear of a slab and the non-uniform deformation of
a cylindrical annulus under inflation and extension. In Section 5 a simplified expression for
the total energy function is proposed, and the behaviour of a cylinder in tension is studied.
In Section 6 some final remarks are given.
2 Basic equations
2.1 Kinematics and balance of mass
LetX ∈ B denote a point in a body B, the position of that point in the reference configuration
Br is denoted as X, while the position in the current configuration Bt is denoted x. It is
assumed that there exists a one-to-one function χ such that x = χ(X, t), where t is time.





, B = FFT, C = FTF, J = detF, (1)
where it is assumed that J > 0 always.
The balance of mass can be stated as ρ̇+ div(ρv) = 0, where ρ is the density of the body
and v = ẋ is the velocity in the current configuration. From now on it is assumed that v = 0.
In this article repetition of index does not mean summation in that index, and all index go
from 1 to 3 unless it is stated otherwise. More details about kinematics see, for example,
[74, 57].
2.2 Field equations for electro-magneto active bodies
In this section, we review briefly the basic concept and equations for continua media interact-
ing with electromagnetic fields. Details about the different equations and relations presented
in this section can be found, for example, in [30, 39, 51, 55, 58].
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2.2.1 Maxwell equations
The Maxwell equations in the case there is no time dependence1 are:
divB = 0, curlE = 0, divD = 0, curlH = 0, (2)
where B is the magnetic induction, E is the electric field, D is the electric displacement, and H
is the magnetic field. For a vector field A, the equations curlA = 0 and divA = 0 in cylindrical


































For vacuum the following relations between the electric variables and the magnetic vari-
ables are valid
D = εoE, B = µoH, (5)
where εo is the electric permittivity and µo is the magnetic permeability in vacuum, respec-
tively. For condensed matter, two extra fields are necessary, which are the electric polarization
P and the magnetization M that are defined as
D = εoE + P, B = µo(H + M). (6)
2.2.2 Equation of equilibrium
The equation of equilibrium is
divσ + fe + f = 0, (7)
where σ is the Cauchy stress tensor, fe corresponds to the body forces caused by the electro-
magnetic interactions, and f represents the body forces that are not caused by electromagnetic
fields. The vector fe is given as fe = (gradE)P+(gradE)M. The balance of angular momentum
gives
εijkσjk = −Li, (8)
where εijk is the permutation symbol and Li are the components of the vector field L =
P × E + M × B. It is possible to see that σ is in general a non-symmetric second order
tensor. The following identities hold (see, for example, [25, 26, 27, 28, 24]) (gradE)TP =
div
[
D ⊗E − 12εo(E ·E)I
]





B ⊗B − 12(B ·B)I
]
+ (M ·B)I−B ⊗M
}
, from
where the ‘total stress’ tensor τ can be defined as










+ (M ·B)I−B ⊗M, (9)
where I is the second order identity tensor. Using this in (8) we obtain τT = τ . On the other
hand using (9) in (7) we have
divτ + f = 0. (10)
1As well as this, it is assumed that the volumetric electric current J and the volumetric distribution of
electric charges in the body qe are zero, i.e., J = 0, qe = 0.
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2.3 Continuity conditions
For a body that can react to electromagnetic fields, the boundary conditions are not trivial,
since the Maxwell equations (2) must be satisfied for the body, and also for the exterior
surrounding space, which for simplicity we assume is vacuum. Considering the notation
[[a]] = a(o) − a(i), where (o) means outside the body and (i) means inside the body (in both
cases very close to the surface of the body), for the electromagnetic variables we have the
following continuity conditions (see, for example, [30, 51]):
n · [[B]] = 0, n× [[E]] = 0, n · [[D]] = 0, n× [[H]] = 0, (11)
where n is the outward unitary normal vector to the surface of the body, and it is as-
sumed that there is no surface free electric charges and electric current, recalling also that
v = 0. In the case of the Cauchy stress tensor σ, it should satisfy the continuity con-









εoE ⊗E + P ⊗E + 1µoB ⊗B −B ⊗M
)
. Using (9)
in the above continuity condition we obtain
[[τ ]]n = 0. (12)
The above equation is equivalent to (τ (o)− τ (i))n = 0, where τ (i) can be identified simply as
τ the total stress tensor inside the body and
τ (o) = τM = εo
[













where τM is the total Maxwell stress outside the body where P(o) = 0, M(o) = 0 in vacuum.
2.4 Constitutive equations
We revisit some basic equations and relations for continuum media interacting with elec-
tromagnetic fields, by presenting constitutive equations that are derived from the first and
second laws of thermodynamics. In terms of the Helmholtz function ψ = ψ(F,E,B, θ) the




, P = −ρ∂ψ
∂E
, M = −ρ∂ψ
∂B
, s = −∂ψ
∂θ
, (14)
where s and θ are the entropy and the absolute temperature, respectively. From now on it is
assumed that θ is constant.
The Lagrangian magnetic induction, magnetic field, electric field, and the electric dis-
placement, are defined as (see, for example, [25, 26, 27, 28, 24])
BL = JF
−1B, HL = F
TH, EL = F
TE, DL = JF
−1D. (15)
respectively. Let us express ψ in terms of a function Φ as ψ(F,E,B) = Φ(F,EL,BL), then













E ⊗E − 12(E ·E)I
]
. Let us define the total nominal stress
















where ρ0 is the density at the reference configuration. From the above results it is possible
to define the total energy function Ω (see [13, 28, 24]) as






EL · (C−1EL). (16)
The Lagrangian polarization PL is defined as
PL = JF
−1P, (17)
as a results from (6)1, (15)3,4 we obtain
DL = εoC
−1EL + PL. (18)




, D = −J−1F ∂Ω
∂EL
. (19)
Let us define the Lagrangian magnetization ML as
ML = F
TM, (20)
and from (6)2, (15)1,2 we obtain
J−1CBL = µo(HL + ML). (21)








Finally, considering that J−1BL · (CBL) = JB · B, and from the connections (see [27, 24])
∂
∂F(JB · B) = JF
−1[2B ⊗ B − (B · B)I] and ∂∂F [JEL · (C
−1EL)] = −JF−1[2E ⊗ E − (E · E)I],












− pI, D = −F ∂Ω
∂EL
, (24)
where p is the Lagrange multiplier connected with the constraint of incompressibility.
3 Spectral constitutive equations
In most of the applications concerning magneto-electro-elastic soft solids, the magneto-electro-
elastic effects can be increased considering transversely isotropic bodies, where there is a
preferred direction (when the body is free of electromagnetic fields) commonly associated with
particles aligned in that direction, where the electromagnetic effects are stronger, see Bastola
and Hossain [3], Garcia-Gonzalez and Hossain [35]. If that direction is the unit vector field
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a0, then for the total energy function we have Ω(F,BL,EL,a0). This function incorporates
as a special case the situation when the body is isotropic. Since the above function must be
frame-invariant and should be independent of the sign of the vectors fields we have




BL ·BL, EL =
√
EL ·EL, BL = BLb, EL = ELe, (26)
and b, e are unit vector fields used for the definition of the magnetic and electric field variables,
respectively.
If U is the right stretch tensor, we have the spectral representation U =
∑3
i=1 λiui ⊗ ui,




iui ⊗ ui, where λi, ui, i = 1, 2, 3 are the principal stretches and principal
directions, respectively. Then, from the spectral invariant theory developed by Shariff and
co-workers [19, 20, 66, 67, 69, 71], we have
W = W (λ1,2,3,ℵ1,2,3,i1,2,3, ,1,2,3ג BL, EL), (27)
where the notation λ1,2,3 represents the set λ1, λ2, λ3, and where we have defined










2iג = 1. (29)
Note that the only 11 of the 14 invariants in (27) are independent. Since W partially depends
on the tensors b ⊗ b, e ⊗ e and a0 ⊗ a0, instead of the invariants in (27), the appropriate
invariants for W are
λi, αi = ℵ2i , βi = i2i , γi = 2iג , ζi = (a0 ·b)ℵibi, (30)
κi = (a0 · e)ℵiei, %i = (b · e)biei, ηi = (a0 ·b)(a0 · e)biei, (31)
χi = (a0 ·b)(b · e)ℵiei, ιi = (b · e)(a0 · e)ℵibi, BL, EL. (32)
We strongly emphasize that W must satisfy the P-property as described in [66, 67, 69, 71].




FT − pI, H = F−T ∂W
∂BL
, D = −F∂W
∂EL
. (33)


























, i 6= j. (35)





































































































































, i 6= j. (38)








































(a0 · e)[ℵibie + (e ·b)ℵiui]. (42)








































(a0 ·b)[ℵieib + (b · e)ℵiui]. (46)
4 Boundary value problems
We study five boundary value problems, four of them correspond to problems wherein the
strains, stresses and electromagnetic variables are homogeneous inside the body, and one
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problem with non-homogeneous distributions. In all these cases we only study incompressible
bodies. In the case of bodies with homogeneous deformations and electromagnetic field, the
Maxwell equations (2) and the equation of equilibrium (when there is no mechanical body
load) (10) are satisfied automatically.
4.1 Uniform extension/compression of a cylinder
Consider a cylinder defined in the reference configuration in cylindrical coordinates as
0 ≤ R ≤ Ro, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L, (47)
where it is assumed that
a0 = EZ , E = Eoez, B = Boez, (48)
and Eo and Bo are constants. The deformation is
r = λrR, θ = Θ, z = λzZ, (49)
where λr > 0 and λz > 0 are constants. The deformation gradient is
F = λrer ⊗ER + λreθ ⊗EΘ + λzez ⊗EZ . (50)
Therefore
λ1 = λ2 = λr, λ3 = λz, u1 = ER, u2 = EΘ, u3 = EZ , (51)
where detF = 1 implies that λr =
1√
λz
. Using (48) and (51)3,4,5 in (28), (30)-(32), it is
obtained
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = i2 = 0, i3 = 1, 1ג = 2ג = 0, 3ג = 1, (52)
α1 = α2 = 0, α3 = 1, β1 = β2 = 0, β3 = 1, γ1 = γ2 = 0, γ3 = 1, (53)
ζ1 = ζ2 = 0, ζ3 = 1, κ1 = κ2 = 0, κ3 = 1, %1 = %2 = 0, %3 = 1, (54)
η1 = η2 = 0, η3 = 1, χ1 = χ2 = 0, χ3 = 1, ι1 = ι2 = 0, ι3 = 1. (55)
Using (48) and (50) from (15), (26), we have
BL = λ
−1
3 BoEZ , BL = λ
−1
3 Bo, b = EZ , EL = λ3EoEZ , EL = λ3Eo, e = EZ . (56)
From (3), (34), (35) and (38), we obtain
τrr = τθθ = λ1
∂W
∂λ1
























































































= ∂W∂EL . Furthermore, as results from (33)2,3, it is obtained









Regarding the continuity conditions, assuming that L  Ro, the conditions are only
studied for the surface R = Ro, where n = er. Considering (48)2,3, let us assume that the
electric field and magnetic induction outside in vacuum are
E(o) = E(o)o ez, B





o are constants. From (48)3, (59)2 the continuity condition (11)1 is satisfied
automatically, whereas from (48)2, (59)1 the continuity condition (11)2 is satisfied if
E(o)o = Eo. (60)




From (58)1, (61) the continuity condition (11)4 is satisfied if Hz = 1µoB
(o)









The above equation can be used, for example, to obtain Bo for a given B
(o)
o .
Regarding the electric field inside the cylinder, from the practical point of view it can be
generated with electrodes attached on the surfaces Z = 0 and Z = L by placing an electric
potential Φ = Φ(Z) such that Eo = − [Φ(L)−Φ(0)]L = −
∆Φ
L .








. As a result, if on the lateral surface R = Ro there is no mechanical load, from (12) we
















Regarding the surfaces Z = 0 and Z = L, it is assumed that an external ‘total’ load t̂zez is
applied, which incorporates the effect of the Maxwell stresses, therefore, from (12) we obtain

















4.2 Uniform extension of a thin slab






, i = 1, 2, 3, (65)
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where it is assumed that L3  L1 and L3  L2. In this problem the external mechanical load
is applied on the surfaces X3 = ±L32 . Regarding the electric field and magnetic induction it
is assumed that
B = Boe3, E = Eoe3, (66)
where Bo and Eo are constants. For the vector field a0 two cases are studied:
a0 = E3, a0 = E1. (67)
The motion is assumed to be
xi = λiXi, i = 1, 2, 3, (68)




λiei ⊗Ei, ui = Ei. (69)
From (15), (66) and (69), (26) we have
BL = λ
−1
3 Bo, EL = λ3Eo, b = E3, e = E3. (70)




− p, τij = 0 i 6= j. (71)
4.2.1 Case a0 = E3
Using (67)1 and (70), (69)2 in (28), (30)-(32) the same invariants as in (52)-(55) are obtained.
On the other hand, from (33)2,3 considering (36), (37), (39), (43) and (66), we have









Let us assume that the electric field and magnetic induction outside the slab are given as
E(o) = E(o)o e3, B





o are constants. Accordingly, for the surfaces X3 = ±L32 , the continuity
condition (11)2 is satisfied automatically, while (11)1 from (73)2, (66)1 is satisfied if
B(o)o = Bo. (74)
















whereas (11)4 is satisfied automatically.
In the expressions for the components of the total stress (71) we have p, which should
be obtained from the boundary conditions. Let us assume that for the surface X1 = ±L12 ,






Furthermore, the continuity condition (12) becomes τ11 = τM11 and from (71) using the above














On the surfaces X3 = ±L32 , if the external load is t̂3e3 (which we assume it incorporates the
















4.2.2 Case a0 = E1
In this case, several of the equations presented in Section 4.2.1 are the same, in particular
(72) and (78). The difference corresponds to the values of some of the invariants, which are:
ℵ1 = 1, ℵ2 = ℵ3 = 0, α1 = 1, α2 = α3 = 0, ζi = 0, κi = 0, (79)
ηi = 0, χi = 0, ιi = 0. (80)
4.3 Biaxial deformation of a thin plate
For the same body described in (65) now under the assumption that L1  L2, L1  L3
















where Eo and Bo are constants. In this problem, the same motion is assumed as in (68)
xi = λiXi, where λ1λ2λ3 = 1, as a result ui = Ei.
4.3.1 Case a0 = E3, E = Eoe3 and B = Boe3
This problem is very similar to the case presented in Section 4.2.1, in particular the relations
(71) and (72) are the same. The difference corresponds to the continuity conditions. Because
of the assumption L1  L2 and L1  L3, the continuity conditions are only analyzed for the
surfaces X1 = ±L12 . Considering that E = Eoe3 and B = Boe3 we assume that (see (73))
E(o) = E(o)o e3, B
(o) = B(o)o e3. (82)
Then the continuity condition (11)1 is satisfied automatically, while (11)2 is satisfied if
E(o)o = Eo. (83)
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From (5) and (82), we have













From this, it can be obtained, for example, Bo in terms of B
(o)
o . Using (82) in (13), we








. Assuming that on the surfaces X1 = ±L12 there is no external

















Let us assume that on the surfaces X2 = ±L22 and X3 = ±
L3
2 , we apply external loads (that
as before incorporate the Maxwell stresses) t̂2e2 and t̂3e3, respectively. Then from (12) we
































4.3.2 Case a0 = E3, E = Eoe3 and B = Boe1
In this problem (70)1,2,5,6, (53)1,2,4,6, (54), (55) are the same, while
i1 = 1, i2 = i3 = 0, β1 = 1, β2 = β3 = 0. (88)
Similarly from (15) and (26), we have
BL = λ
−1
1 BoEZ , BL = λ
−1
1 Bo, b = E1, EL = λ3EoE3, EL = λ3Eo, e = E3. (89)























































The continuity conditions (11) are analyzed for the surfaces X1 = ±L12 . Let us assume
that
B(o) = B(o)o e1, E
(o) = E(o)o e3, (91)
then (11)2 is satisfied if E
(o)
o = Eo, and (11)1 holds if B
(o)





(o) = εoEoe3, (92)
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and (11)3,4 are satisfied automatically.





B2o , which can be replaced in
(12) assuming that on the surfaces X1 = ±L12 there is no mechanical traction. Moreover,
using (71) (which are the same for this problem) we can obtain p. In a similar manner as the
problem studied in the previous section, we obtain for the traction applied on the surfaces


























4.3.3 Case a0 = E3, E = Eoe1 and B = Boe1
For this case from (28), (30)-(32), we have
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 1, i2 = i3 = 0, 1ג = 1, 2ג = 3ג = 0, (94)
α1 = α2 = 0, α3 = 1, β1 = 1, β2 = β3 = 0, γ1 = 1, γ2 = γ3 = 0, (95)
ζi = 0, κi = 0, %1 = 1, %2 = %3 = 0, ηi = 0, χi = 0, ιi = 0. (96)
From (33)1, (34), (35) the same expressions (71) for the components of the total stress are























Let us assume that the magnetic induction and electric field outside the plate are given as
B(o) = B(o)o e1, E
(o) = E(o)o e1, (98)
where B
(o)
o , and E
(o)
o are constants, then (11)1 is satisfied if
B(o)o = Bo, (99)
while (11)2 is satisfied automatically. From (5) and (98) we have D(o) = εoE
(o)
o e1 and H(o) =
1
µo







from where we can obtain, for example, Eo in terms of E
(o)
o . Finally, from (98) and (13)








and using this in (12) following the same procedure as in
the previous Section 4.2.1 we obtain the external total loads on the surfaces X2 = ±L22 and































4.3.4 Case a0 = E3, E = Eoe1 and B = Boe3
In this problem from (28), (30)-(32), we obtain
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = i2 = 0, i3 = 1, 1ג = 1, 2ג = 3ג = 0, (102)
α1 = α2 = 0, α3 = 1, β1 = β2 = 0, β3 = 1, γ1 = 1, γ2 = γ3 = 0, (103)
ζ1 = 1, ζ2 = ζ3 = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (104)
As in the previous problems the same expressions for the components of the total stress



















Let us assume that the magnetic induction and electric field in vacuum are
B(o) = B(o)o e3, E
(o) = E(o)o e1, (106)
then (11)1,2 are satisfied automatically, and from (5) we obtain H(o) = 1µoB
(o)
o e3 and D(o) =
εoE
(o)

















o . Using (106) in










. Assuming that on the surfaces X1 = ±L12 , there is














. Therefore, the external total traction that is necessary to apply on the surfaces

































4.3.5 Case a0 = E3, E = Eoe3 and B = Boe2
In this case from (28), (30)-(32) we obtain
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 0, i2 = 1, i3 = 0, 1ג = 2ג = 0, 3ג = 1, (109)
α1 = α2 = 0, α3 = 1, β1 = 0, β2 = 1, β3 = 0, γ1 = γ2 = 0, γ3 = 1, (110)
ζi = 0, κ1 = κ2 = 0, κ3 = 1, %i = 0, ηi = 0, χi = 0, ιi = 0. (111)





















Let us assume that
B(o) = B(o)o e2, E
(o) = Eoe3, (113)
then (11)1,2 are satisfied automatically. On the other hand from (5) we have H(o) = 1µoB
(o)
o e2









which can be used to find Bo as a function of B
(o)
o . Using (113) in (13), it can be obtained















































For the sake of brevity the following cases are presented in Appendix A: Case a0 = E2,
E = Eoe3 and B = Boe1, Case a0 = E1, E = Eoe3 and B = Boe1, and Case a0 = E3, E = Eoe3
and B = Boe1.
4.4 Shear of a slab
In this problem for the same slab described in Section 4.2, we assume
x1 = X1, x2 = X2 + κX3, x3 = X3, (116)
where κ is a constant. For the electric field and the magnetic induction we consider only one
case, wherein
EL = ELoE3, BL = BLoE3, (117)
where ELo and BLo are constants. For the direction a0, three cases are studied, namely
a0 = E3, a0 = E2, a0 = cE2 + sE3, (118)
where c = cos ξ, s = sin ξ, and ξ is the angle between a0 and X2. From (116) and (1) we
obtain F =
∑3
i=1 ei ⊗Ei + κe2 ⊗E3. Moreover, using detF = 1 and the previous condition,
we obtain
C = E1 ⊗E1 + E2 ⊗E2 + (1 + κ2)E3 ⊗E3 + κ(E2 ⊗E3 + E3 ⊗E2). (119)
Using the above relations, the following expressions are obtained




2 + κ2 − κ
√




2 + κ2 + κ
√
4 + κ2 (120)
and
u1 = E1, u2 =
1
U2
(Υ2E2 + E3), u3 =
1
U3












4 + κ2), (122)
U2 =
√
1 + Υ22, U3 =
√
1 + Υ23. (123)
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Finally from (117) and (15), (28) we obtain
B = κBLoe2 +BLoe3, E = ELoe3, b = E3, e = E3 (124)
and BL = BLo , EL = ELo .
4.4.1 Case a0 = E3
From (28), (30)-(32) and (121) for the invariants we obtain







































ζ1 = 0, ζ2 = 0, ζ3 =
1
U3
, κ1 = κ2 = 0, κ3 =
1
U3
, %1 = %2 = 0, %3 = 1, (128)
η1 = η2 = 0, η3 = 1, χ1 = χ2 = 0, χ3 =
1
U3












































































































where ∂W∂Cii can be obtained from (34). From (39) we have
∂W
∂b






















































Taking into account that (I−b ⊗b)T = E1 ⊗E1 + E2 ⊗E2, from (36) we obtain

















































Furthermore, from (33)2 (see (22)) the following relations are obtained
H = H2e2 + H3e3 = HL2e2 + (κHL2 + HL3)e3. (140)
On the other hand, from (43) we obtain
∂W
∂e























































From (37) (see (24)) we obtain

















































Similarly, from (33)3 we have
D = D2e2 + D3e3 = (DL2 + κDL3)e2 + DL3e3. (148)
For the electric field and magnetic induction outside the slab it is assumed that


































o = D3, (151)
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in terms of BLo and ELo .
Let us assume that for the surfacesX1 = ±L12 , there exists no external mechanical traction.








+B2Lo) and considering (12)











+ B2Lo). For the surfaces X3 = ±
L3
2 , let
us assume that the total external load is of the form t̂(3) = t̂
(3)
2 e2 + t̂
(3)
3 e3. Then from (12),
(132) and considering the above expression for p, we obtain
t̂
(3)
2 = τ23, t̂
(3)

















It is necessary to mention that the surfaces X2 = ±L22 are not in general traction free. The
unit normal vector to those surfaces is n = 1√
1+κ2
e2 − κ√1+κ2e3 and assuming that the total
external traction is t̂(2) = t̂
(2)
2 e2 + t̂
(2)






(τ22 − κτ23), t̂(2)3 =
1√
1 + κ2
(τ23 − κτ33). (153)
4.4.2 Case a0 = E2
In this case from (125)-(129) we obtain:






, ζi = 0, κi = 0, ηi = 0, χi = 0, ιi = 0, (154)
and the rest of the invariants are the same as in the previous case. On the other hand from























are indentical as in Section 4.4.1. Similarly,

























E3. Consequently, from (36) (see
(22)) we have






































































Furthermore, due to (37) (see (24)), we have














































The expressions for the components of H and D in terms of the components of HL and DL are
the same as in (140), (148), and the analysis of the continuity conditions is identical as in the
previous section, therefore, these are not repeated here.
4.4.3 Case a0 = cE2 + sE3
In this last case, the expressions for the invariants in (28), (30)-(32) are:
ℵ1 = 0, ℵ2 =
1
U2
(Υ2c+ s), ℵ3 =
1
U3



































ζ1 = 0, ζ2 = 0, ζ3 =
s
U3




%1 = %2 = 0, %3 = 1, η1 = η2 = 0, η3 = s
























































From (36) and (22), for the components of HL, we obtain
































































































































Finally for the components of DL using (37) and (19), we have































































































































The above expressions can be used to calculate the components of H and D from (15)2,4. The
rest of the analysis on the continuity conditions ((11) and (12)) is the same as presented in
Section 4.4.1, hence, it is not repeated here.
4.5 Cylindrical annulus under inflation and extension
In this last problem, let us consider a cylindrical annulus described in cylindrical coordinates
Ri ≤ R ≤ Ro, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L, (175)















There are three possible cases for a0 and two cases for E and for B. It is assumed that the
motion is given by
r = f(R), θ = Θ, z = λZ, (177)
where λ > 0 is a constant. The deformation gradient and the right Cauchy-Green tensor are





respectively. From detF = 1 we obtain




(R2 −R2i ) + r2i , (178)








, λ3 = λ, u1 = ER, u = EΘ, u3 = EZ . (179)
4.5.1 Case a0 = ER, E = Er(r)er, B = Bθ(r)eθ













, b = EΘ. (180)
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From the equations (28) and (30)-(32) for the invariants, we obtain
ℵ1 = 1, ℵ2 = ℵ3 = 0, i1 = 1, i2 = i3 = 0, 1ג = 1, 2ג = 3ג = 0, (181)
α1 = 1, α2 = α3 = 0, β1 = 1, β2 = β3 = 0, γ1 = 1, γ2 = γ3 = 0, (182)
ζi = 0, κ1 = 1, κ2 = κ3 = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (183)






= 0, therefore, τij = 0, i 6= j. Moreover, from (34)




− p, τθθ = λ2
∂W
∂λ2










(τrr − τθθ) = 0. (185)
If we assume that on the inner surface of the tube there is a radial traction P (that incorporates















dξ − P, (186)










. Let us assume
that on the outer surface of the tube there is no mechanical load, then from (12) we obtain



















o −R2i ) + r2i . The above equation can be used to find ri.
From (36) and (33)2 we have
HLR = HLZ = 0, HLΘ =
∂W
∂BL
⇒ Hr = Hz = 0, Hθ = λ−12 HLΘ . (188)
Then in this case from (2)4 considering (3) we obtain
d
dr
(rHθ) = 0. (189)
















, DLΘ = DLZ = 0 ⇒ Dr = −λ1
∂W
∂EL
, Dθ = Dz = 0, (192)
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and in this case (2)3 considering (4) becomes
d
dr












Equations (191) and (195) can be used to find Er(r) and Bθ(r) as functions of r, c and c̄.
In those expressions from (178) we have R(r) =
√
λ(r2 − r2i ) +R2i . If the electric field is
produced due to the action of electrodes attached on the inner and outer surfaces of the tube,




Assuming that L Ro, the continuity conditions (11) are analyzed only for the surfaces
r = ri, r = ro. Let us assume that
E(o) = E(o)(r)er ⇒ D(o) = εoE(o)(r)er. (196)
Hence, the Maxwell equation (2)2 considering (3) becomes
d
dr






where c̄(o) is a constant. There is a constant for r < ri that can be denoted c̄
(o)
a , and a
different constant for r > ro that is denoted c̄
(o)
b . From (198), the continuity condition (11)2


































For the magnetic induction outside the tube we assume
B(o) = B(o)θ (r)eθ +B
(o)








The Maxwell equation (2)4 (see (3)) is satisfied if B
(o)
z (r) = B
(o)
zo , where B
(o)


























ez, where the constant c
(o) can take a value
for r < ri that is denoted c
(o)
a , and a different value for r > ro that is denoted c
(o)
b . From
(188), (200)1 and the previous expression for H(o) the continuity condition (11)4 is satisfied if
B
(o)









































, which should be used in
(187).
4.5.2 Case a0 = ER, E = Er(r)er, B = Bz(r)ez
In this problem (180)1,2,3 are the same, while
BL = λ
−1BzEZ , b = EZ , (204)
and from (28), (30)-(32) the invariants that are different from (181)-(183) are
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = i2 = 0, i3 = 1, (205)
α1 = α2 = 0, α3 = 1, β1 = β2 = 0, β3 = 1. (206)
From (33)3 and (37), the expressions for the components of the electric displacement are the
same as in (192), while from (33)2, (36) and (39), we obtain
HLR = HLΘ = 0, HLZ =
∂W
∂BL
⇒ Hr = Hθ = 0, Hz(r) = λ−13 HLZ . (207)
Using (207) in (2)3 (see (3)), we obtain
dHz
dr
= 0 ⇒ Hz(r) = c, (208)





Regarding the electric field outside the tube, we have (196), while for the magnetic induc-
tion considering (204), (207), we have






























zo and c̆ are constants. Those constants are in general different for r < ri and ro > 0,







, c̆ = 0. (212)






, which should be replaced
in (187).
4.5.3 Case a0 = ER, E = Ez(r)ez, B = Bθ(r)eθ
In this case the expressions for the magnetic induction are given in (180)4,5,6, whereas for the
electric field we have
EL = λEzEZ , e = EZ , (213)
and (2)2 (see (3)) is satisfied if
Ez(r) = Ezo , (214)
where Ezo is a constant. In this problem, the invariants from (28), (30)-(32) are
i1 = 0, i2 = 1, i3 = 0, 1ג = 2ג = 0, 3ג = 1, (215)
β1 = 0, β2 = 1, β3 = 0, γ1 = γ2 = 0, γ3 = 0, (216)
ζi = 0, κi = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (217)
From (33)3, (37) and (43), we obtain
DLR = DLΘ = 0, −DLZ =
∂W
∂EL




Outside the tube, the expression for B(o) can be assumed to be the same as (200), and
from the continuity conditions (11)4, the same restrictions on B(o) are found. Regarding the
electric field outside, we assume
E(o) = Ezoez ⇒ D(o) = εoEzoez, (219)
and the continuity condition (11)2,3 are satisfied automatically. Finally using (200)1 and





, which should be replaced in (187).
In the rest of the cases described in (176), many of the different expressions for the
electromagnetic variables are the same as in the previous sections. Therefore, for the sake
of brevity, we do not repeat such calculations here. The major difference corresponds to the
expressions for the invariants (28), (30)-(32), which are presented in Appendix B.
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5 An example for the total energy function W
It is necessary to remark that there is no enough experimental data available in the literature
in order to propose a final expression for the function W . The purpose of this article and
in particular of the previous section on the boundary value problems, is to have a model
that can be used to design some experiments that give results useful for such a fitting. But,
with the purpose of facilitating the understanding of the kind of coupling we can observe for
this model, in this section we propose a simplified expression for the total energy function
W , following the work of Shariff [70] for transversely isotropic elastic solids. We propose the
specific form (in this section round brackets are reserved for the arguments of functions):








































where µT, µ1 and β are constants, and in the case of the analysis of a cylinder in tension αi,
βi, γi, i = 1, 2, 3 are given in (53). To be consistent with infinitesimal elasticity, the single
variable functions rp, p = 1, 2, ..., 5 must satisfy








5(1) = 0 , r
′







5(1) = 2 . (224)
From (6), (33)2,3, (36), (37) and (220)-(222) it is clear that
D = ε0E − F
∂N1
∂EL






H − F−T ∂N2
∂BL
]
, M = −F−T ∂N2
∂BL
. (226)
In vacuum N1 = N2 = 0 and we recover the relations
D(o) = ε0E
(o) , B(o) = µ0H
(o) . (227)
In order to obtain the plots presented at the end of this section we use the functions and
constants
r1(x) = r2(x) = r(x) = [ln(x)]
2 , r3(x) = ln(x) , r4(x) = r5(x) = [x− 1]2 , (228)
β = 0 [kPa] , µT = µ1 = 5 [kPa] , c0(EL) = 0.1ε0E
2





and ε0 = 8.85 × 10−12[Fm−1], µ0 = 4π × 10−7[H/m]. From the results shown in Section 4.1
the axial component of the stress for the problem of the extension of a cylinder becomes




























In Figs. 1 to 3 results for τzz are presented. It is clear from Figs. 1 and 2, for the model
given in this section, the application of either the electric field or the the magnetic induction,
increases the magnitude axial stress τzz at a given axial stretch. The application of both the
electric field and the magnetic induction further increases the magnitude of the axial stress
as shown in Fig. 3.
Figure 1: Axial stress τzz vs axial stretch λz for various values of the electric field Eo when
the magnetic induction Bo = 0 [Tesla].
6 Final remarks
In this article we have presented constitutive equations for nonlinear magneto-electro-elastic
bodies, where there are potential applications in the modelling of some types of soft rubber-
like materials. One of the novel aspects of this work is the use of spectral invariants for the
energy function. Such invariants can facilitate the work of fitting experimental data to find
expressions for the energy function. A second contribution of this paper is to provide details
of different boundary value problems, which can be used immediately for such experimental
research. In a future work after obtaining some expressions for the total energy function from
actual experimental data, it is planned to study more boundary value problems, in particular
considering inhomogeneous deformations. One limitation of the theory presented here and
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Figure 2: Axial stress τzz vs axial stretch λz for various values of the magnetic induction Bo
when the electric field Eo = 0 [V/m].
Figure 3: Axial stress τzz vs axial stretch λz for various values of the electric field Eo and the
magnetic induction Bo.
also in many similar previous works in the literature (see the review in the Introduction),
is the assumption of time-independent processes. In a body that can react to electric and
magnetic fields moves, there is a coupling between such fields, from where it is necessary to
use something called the effective electric field and magnetization (see, for example, [30, 45]).
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Such fully time-dependent model will be analyzed in a future work as well.
Appendix. Additional cases for the boundary value problems
A. Other cases for the biaxial deformation of a thin plate
A.1 Case a0 = E2, E = Eoe3 and B = Boe1
In this problem from (28), (30)-(32), we have
ℵ1 = 0, ℵ2 = 1, ℵ3 = 0, i1 = 1, i2 = i3 = 0, 1ג = 2ג = 0, 3ג = 1, (231)
α1 = 0, α2 = 1, α3 = 0, β1 = 1, β2 = β3 = 0, γ1 = γ2 = 0, γ3 = 1, (232)
ζi = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (233)








E3. As (71) are the same, repeated
calculations are skipped here.
A.2 Case a0 = E1, E = Eoe3 and B = Boe1
In this case the expressions, (71) and (89)-(93) are the same. However, the differences appear
on the values of some of the invariants, which for this problem from (28), (30)-(32) are:
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 1, i2 = i3 = 0, 1ג = 1, 2ג = 3ג = 0, (234)
α1 = α2 = 0, α3 = 1, β1 = 1, β2 = β3 = 0, γ1 = 1, γ2 = γ3 = 0, (235)
ζi = 0, κi = 0, %1 = 1, %2 = %3 = 0, ηi = 0, χi = 0, ιi = 0. (236)
A.3 Case a0 = E3, E = Eoe3 and B = Boe1
In this last case from (28), (30)-(32) we obtain
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 1, i2 = i3 = 0, 1ג = 2ג = 0, 3ג = 1, (237)
α1 = α2 = 0, α3 = 1, β1 = 1, β2 = β3 = 0, γ1 = γ2 = 0, γ3 = 1, (238)
ζi = 0, κ1 = κ2 = 0, κ3 = 1, %i = 0, ηi = 0, χi = 0, ιi = 0. (239)
The rest of the expressions are the same as in Section 4.3.2.
B. Other cases for the problem of the cylindrical annulus. Expressions for
the spectral invariants
For the extra cases for the behaviour of the cylindrical annulus the only difference corresponds
to the expressions of some of the invariants, which are listed below.
Case a0 = ER, E = Ez(r)ez, B = Bz(r)ez:
ℵ1 = 1, ℵ2 = ℵ3 = 0, i1 = i2 = 0, i3 = 1, 1ג = 2ג = 0, 3ג = 1, (240)
α1 = 1, α2 = α3 = 0, β1 = β2 = 0, β3 = 1, γ1 = γ2 = 0, γ3 = 1, (241)
ζi = 0, κi = 0, %1 = %2 = 0, %3 = 1, ηi = 0, χi = 0, ιi = 0. (242)
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Case a0 = EΘ, E = Er(r)er, B = Bθ(r)eθ:
ℵ1 = 0, ℵ2 = 1, ℵ3 = 0, i1 = 0, i2 = 1, i3 = 0, 1ג = 1, 2ג = 3ג = 0,(243)
α1 = 0, α2 = 1, α3 = 0, β1 = 0, β2 = 1, β3 = 0, γ1 = 1, γ2 = γ3 = 0,(244)
ζ1 = 0, ζ2 = 1, ζ3 = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (245)
Case a0 = EΘ, E = Er(r)er, B = Bz(r)ez:
ℵ1 = 0, ℵ2 = 1, ℵ3 = 0, i1 = i2 = 0, i3 = 1, 1ג = 1, 2ג = 3ג = 0, (246)
α1 = 0, α2 = 1, α3 = 0, β1 = β2 = 0, β3 = 1, γ1 = 1, γ2 = γ3 = 0, (247)
ζi = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (248)
Case a0 = EΘ, E = Ez(r)ez, B = Bθ(r)eθ:
ℵ1 = 0, ℵ2 = 1, ℵ3 = 0, i1 = 0, i2 = 1, i3 = 0, 1ג = 2ג = 0, 3ג = 1,(249)
α1 = 0, α2 = 1, α3 = 0, β1 = 0, β2 = 1, β3 = 0, γ1 = γ2 = 0, γ3 = 1,(250)
ζ1 = 0, ζ2 = 1, ζ3 = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (251)
Case a0 = EΘ, E = Ez(r)ez, B = Bz(r)ez:
ℵ1 = 0, ℵ2 = 1, ℵ3 = 0, i1 = i2 = 0, i3 = 1, 1ג = 2ג = 0, 3ג = 1, (252)
α1 = 0, α2 = 1, α3 = 0, β1 = β2 = 0, β3 = 1, γ1 = γ2 = 0, γ3 = 1, (253)
ζi = 0, κi = 0, %1 = %2 = 0, %3 = 1, ηi = 0, χi = 0, ιi = 0. (254)
Case a0 = EZ , E = Er(r)er, B = Bθ(r)eθ:
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 0, i2 = 1, i3 = 0, 1ג = 1, 2ג = 3ג = 0, (255)
α1 = α2 = 0, α3 = 1, β1 = 0, β2 = 1, β3 = 0, γ1 = 1, γ2 = γ3 = 0, (256)
ζi = 0, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (257)
Case a0 = EZ , E = Er(r)er, B = Bz(r)ez:
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = i2 = 0, i3 = 1, 1ג = 1, 2ג = 3ג = 0, (258)
α1 = α2 = 0, α3 = 1, β1 = β2 = 0, β3 = 1, γ1 = 1, γ2 = γ3 = 0, (259)
ζ1 = ζ2 = 0, ζ3 = 1, κi = 0, %i = 0, ηi = 0, χi = 0, ιi = 0. (260)
Case a0 = EZ , E = Ez(r)ez, B = Bθ(r)eθ:
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = 0, i2 = 1, i3 = 0, 1ג = 2ג = 0, 3ג = 1, (261)
α1 = α2 = 0, α3 = 1, β1 = 0, β2 = 1, β3 = 0, γ1 = γ2 = 0, γ3 = 1, (262)
ζi = 0, κ1 = κ2 = 0, κ3 = 1, %i = 0, ηi = 0, χi = 0, ιi = 0. (263)
Case a0 = EZ , E = Ez(r)ez, B = Bz(r)ez:
ℵ1 = ℵ2 = 0, ℵ3 = 1, i1 = i2 = 0, i3 = 1, 1ג = 2ג = 0, 3ג = 1, (264)
α1 = α2 = 0, α3 = 1, β1 = β2 = 0, β3 = 1, γ1 = γ2 = 0, γ3 = 1, (265)
ζ1 = ζ2 = 0, ζ3 = 1, κ1 = κ2 = 0, κ3 = 1, %1 = %2 = 0, %3 = 1, (266)
η1 = η2 = 0, η3 = 1, χ1 = χ2 = 0, χ3 = 1, ι1 = ι2 = 0, ι3 = 1. (267)
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